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ABSTRACT: Using self-consistent field theory, the Plumber’s Nightmare and the double diamond phases
are predicted to be stable in a finite region of phase diagrams for blends of AB diblock copolymer (DBC) and
A-component homopolymer. To the best of our knowledge, this is the first time that the P phase has been
predicted to be stable using self-consistent field theory. The stabilization is achieved by tuning the
composition or conformational asymmetry of the DBC chain, and the architecture or length of the
homopolymer. The basic features of the phase diagrams are the same in all cases studied, suggesting a
general type of behavior for these systems. Finally, it is noted that the homopolymer length should be a
convenient variable to stabilize bicontinuous phases in experiments.

Introduction

Diblock copolymer (DBC) systems present the attractive feature
that under the appropriate conditions they self-assemble in period-
ical nanomorphologies that can be exploited in a vast number of
technological applications.1 One of the most attractive families of
morphologies, the so-called ordered bicontinuous structures,2 has
potential applications in the fabrication of highly porous mate-
rials,3-5 high-conductivity nanocomposites,6 3D photonic crys-
tals,7 and efficient dye-sensitized solar cells.8,9 Unfortunately,
bicontinuous behavior can be obtained only in a narrow region
of the pure DBC phase diagram.10 Moreover, while some surfac-
tant systems have shown a wide variety of bicontinuous structures
like the gyroid (G) phase, the double-diamond (DD) phase, the
Plumber’sNightmare phase (P), theNeovius [C(P)] phase, etc.;11,12

in the pureDBC system theGphase is the only stable bicontinuous
morphology.10,13,14 In addition, recent studies have predicted14,15

and observed,16,17 in an even narrower region of the DBC phase
diagram, the cocontinuous network O70 phase.

The traditional explanation for the limited stability in DBC
systems of the bicontinuous phases is the existence of packing
frustration inside their nodes.18 In this type of phases, theminority
component forms two independent networks, each of which is
composed by tubes (connectors) and nodes (where several tubes
meet). When the interface between the minority (A) and majority
(B) components approaches the constant-mean-curvature surface
that would minimize interfacial energy, the nodes become bulkier
than the tubes.19 Thus, as the chains try to fill the space inside the
nodes, they encounter an entropically unfavorable scenario (i.e.,
packing frustration) which may entail such effects as chain
stretching, appearance of lower density regions, and deformation
of the nodal shape.20,21 The larger the number of tubes that merge
in a node, the bulkier the node, and therefore the greater the
entropic penalty.18 While the G phase only has three tubes
meeting in each node, the DD and P phases have four and six
tubes per node, respectively,22 therefore justifying the lack of
stability of the latter phases in the pure DBC melt.

It has been argued that alleviation of packing frustration
could be used to allow the stabilization of multiple bicontinuous

phases.18,19,23,24 One such strategy is the use of DBCs with chain-
length dispersity;19 in this case, longer chains could concentrate in
the nodes and therefore avoid chain stretching. Although this
strategy has been shown, both in simulations20 and experi-
ments,25 to induce the formation of the G phase in areas of the
phase diagram where it was not previously stable; little evidence
exists that it can be used to stabilize any bicontinuous phase other
than the G phase.24,26 An alternative strategy for reducing
packing frustration, is the addition of a selective-filler that has
affinity for the A component.18 Indeed, the stabilization of the P
phase by addition of an inorganic aluminosilicatewith affinity for
one of the blocks has been reported in experimental work27,28

(note, however, that one of these systems was recently re-
examined and reclassified as a “distorted” gyroid29). Particle-
based simulations (PBS) in DBC and triblock copolymers,23,30

have shown that adding A-component homopolymer (A-Ho)
can indeed lower the free energies of the DD and P phases,
because theHo concentrates inside the nodes, and hence, packing
frustration is reduced. Moreover, self-consistent field theory
(SCFT) calculations have predicted the stabilization of the DD
phase in DBC melts by addition of A-component homopoly-
mer.31,32However, additionofA-Ho toDBCmelts has the addi-
tional complication that the system canmacrophase separate into
a DBC-rich phase and a homopolymer-rich (HoR) phase,33,34

thus limiting the achievable range of Ho concentrations.
One shortcoming of PBS is that macrophase separation can be

precluded by the relatively small simulation boxes that are used
for computational tractability.32,35 While specialized simulation
methods could be used that explicitly assume a two-phase state,
they are nontrivial to implement with bicontinuous phases for
which the box size is a key parameter that needs to be found by
trial and error. In order to overcome this difficulty, in a previous
work32 we used a combination of PBS and SCFT to study the
stabilization of bicontinuous phases in DBC systems by the
addition of linear A-Ho of the appropriate length. The SCFT
calculations showed that although the DD phase could be stable
in a significant region of the phase diagram, the P phase was
always metastable with respect to macrophase separation at the
conditions studied. Clearly, achieving the stabilization of multiple
bicontinuous phases entails more than just alleviating packing
frustration: it also requires circumventingmacrophase separation.*Corresponding author. E-mail: fe13@cornell.edu.



Article Macromolecules, Vol. 42, No. 22, 2009 9059

In our previous work32 we found that, though always meta-
stable, the P phase could be nearly stable in some regions of the
phase diagram studied. Therefore, in the present work we use
SCFT in order to study the effect on the stabilization of the P
phase of distinct system parameters; namely, the volume fraction
( f ) of the A-block relative to the total DBC chain, the use of a
four-arm-star architecture instead of a linear one for the A-Ho,
and the relative length R = Nho/NDBC of the linear A-Ho.

Methodology

SCFT has been widely used previously in the study of block
copolymer systems and details about its implementation can
be found elsewhere.36,37 In particular, studies of DBC/homopo-
lymer blends have been carried out successfully in previous
theoretical works.31-33 In the present article we used a slightly
modified version of the code developed by Morse, Tyler, and co-
workers38-42 to solve the self-consistent equations. We used the
Canonical (NVT) ensemble together with the matching of the
(zero pressure43) chemical potentials of each specie in the two
different phases to calculate macrophase coexistence. This ap-
proach is equivalent to the Grand Canonical approach com-
monly used by previous authors.37,44 Finally, a number of up to
80 grid points were used in each direction to ensure enough
accuracy in the solution of the SCFT equations.

Results

For a pure DBC system at a given value of χN, the value of
fdetermines the curvatureof the observedmorphology.While the
minimization of the interfacial energy tends to reduce the A-B
interfacial area, the maximization of the chains’ conformational
entropy and the constraint of incompressibility tend to curve the
A-B interface toward the short-chain domains. The interplay of
these two opposite tendencies determines the final morphology,
and results in the familiar sequence of structures observed as
f increases (from 0 to 0.5) in the intermediate segregation regime
of the pureDBCmelt: disorderf spheresf cylinders (C)fGf
lamellar (L). In a previous study,32 we showed that the phase
diagram of DBC/A-Ho blends with R=0.80 was very sensitive
to the exact value of f. For example, it was seen that while for f=
0.325 only the C and G phases were stable, for f = 0.33 the DD
phase (in addition to the G and C phases) was fully stable in a
significant region of phase diagram. The P phase, however, was
always found metastable with respect to macrophase separation.

In order to thoroughly examine whether there exists a range of
values of f wherein the P phase is fully stable, we use SCFT to
calculate the phase diagram of a DBC/A-Ho blend with R =
0.80 and χN= 25, and present it in Figure 1 as a plot of f versus
φho (Hovolume fraction). The resulting phase diagram shows that
both the DD and P phases are fully stable in finite regions of the
phase diagram. This is (to the best of our knowledge) the first
study where the P phase has been theoretically predicted to be
fully stable in a block copolymer-containing system. The gray
areas in the diagram indicate two-phase coexistence between
adjacent mesophases or between one mesophase and the homo-
geneous HoR phase. Throughout this work the HoR phase
reported is always almost pure Ho since φho>0.99999 at all
the conditions examined. Triple points among the different phases
are indicated with dash lines. Note that as the value of
fwhere theC-G transitionoccurs in the pure system is approached
(i.e., f=0.3258), two azeotropes between the C andG phases are
observed. At high values of f (i.e., f >0.3362), coexistence
between the G and L phases also starts in an azeotrope.

Though the region where the P phase is fully stable as a single
phase is considerably narrow, the regions where the P phase is in
equilibrium either with the G or DD phases are considerably
wider, indicating that amixture of two bicontinuous phases could

in principle be more attainable. Moreover, given that both the
DD and P phases are in equilibrium with the HoR phase (and
that the corresponding two-phase gray area in Figure 1 extends
up to φho∼1), one possible strategy to obtain these phases ex-
perimentally could involve adding an excess of Ho and just
collecting them as the product of the phase separation. The
efficacy of this approach, however, could be limited by the kine-
tics of macrophase separation.

In real DBC systems there always exists conformational
asymmetry between the DBC blocks (i.e., the statistical segment
lengths aiof the two blocks are not equal).

45 This asymmetry have
been shown46 to shift the observed phase diagram, because the
A-B interface tends to curve toward the component with the
longer statistical segment length. Considering the sensitivity of
the observed diagram to the value of f in DBC/Ho blends, we
investigated the effect of conformational asymmetry in the
stabilization of bicontinuous phases. We chose as a test case
the values corresponding for a blend of PI-b-PS and PI-homo-
polymer (hPI), wherein the statistical segment length ratio
between PI and PS is given by47 aPI/aPS = 1.11. In Figure 2, we
present the predicted phase diagram for this system at χN = 25
and R = 0.80, in a plot of fPI against the volume fraction of hPI
(φhPI). Expectedly, the predicted phase behavior is qualitatively
similar to the one observed for the conformationally symmetric
case (Figure 1), the major difference being that the C-G transi-
tion in the pure system (fPI=0.3438), andwith it the whole phase
diagram, has been shifted to higher values of f.

Figure 1. Phase diagram of a DBC/A-Ho blend in which the A-block
volume fraction in the DBC (f) is shown as a function of theHo volume
fraction (φho) at χN = 25 for R = 0.80. The single phase regions are
shown in white while coexistence regions are presented in gray. Triple
points are indicated with dashed lines.

Figure 2. Phase diagram of a PI-b-PS/hPI blend in which the PI-block
volume fraction fPI is presented as a function of the hPI volume fraction
(φhPI) at χN = 25 for a hPI size of R = 0.80.
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The fact that the HoR phase is to a very good approximation
pureHo (φho>0.99999) implies that the value ofφho at which the
DBC-rich phase coexists with the HoR phase is mostly deter-
mined by the A-Ho chemical potential. Hence, macrophase
separation can be “pushed” toward higher values of φho by
lowering (at a given value of φho) the Ho chemical potential in
the DBC-rich phase with respect to that of the pure Ho. Indeed,
for the sizes ofHo considered above, theHo chains are effectively
confined to the A-domain region, hence, forcing the linear chains
to adopt more compact structures and therefore raising their
chemical potential.23 However, the Ho architecture can be
changed to favor more compact conformations (e.g., branched
or ring-shaped Ho), thus reducing the entropic penalty under
confinement and increasing the Ho solubility in the DBC-rich
phase. To test this idea, we studied a (conformationally
symmetric) DBC/star-Ho blend where the star-Ho is composed
of four arms of length Rarm = 0.20 each (total contour length
Rtot = 0.80), which can be directly compared with the linear Ho
case.We present the SCFTphase diagramof thismodel system at
χN= 25 in Figure 3, in a plot of f versus volume fraction of star-
Ho (φstar-ho). As anticipated, the φstar-ho at which the DBC-rich
phases coexist with theHoRphase are shifted to higher values. In
addition, the appearance of the DD and P phases is displaced to
lower values of f than in the linear-Ho case. However, the
thickness of the pure P-phase stability region is unchanged and
the general features of the phase diagram (i.e., sequence of phases
and topology) remain remarkably similar to those of the phase
diagrams shown before, suggesting that the stabilization of the
DD and P phases is more or less independent to the exact details
of the DBC/Ho system under consideration.

For the A-Ho and A-block lengths studied above (i.e., R =
0.80 and 0.31e fe 0.35, respectively), or equivalently, for values
of the Ho-to-A-block length ratio γ � Nho/NA-block=R/f in the
range 2.29e γ e 2.58, the Ho is not expected to significantly
penetrate into the A-block-rich region (dry brush regime, γ>1),1

therefore inducing the formation of phases of more interfacial
curvature like the DD and P phases,23,48 but also risking macro-
phase separation into a DBC-rich phase and a HoR phase.33

Conversely, if γ < 1, the Ho will swell the affine (A) block (wet
brush regime1), preventing macrophase separation, but inducing
phases of less interfacial curvature (e.g., L, reverse G, reverse C,
etc.), instead of the desired bicontinuous phases.48 However, for
intermediate values of γ in between these two extreme cases, there
might exist a region of phase diagram where inducing bicontin-
uous phases and circumventing macrophase separation can be
both achieved. For this purpose we examined the case where f=
0.33 and χN = 25, wherein it was shown previously that a
transition of the form Gf DD could be induced by addition of

A-Ho with R = 0.80, but where the P phase was always found
metastable.32 In Figure 4, we present the phase diagram for the
DBC/A-Ho blend in the space of R vs φho. For the pure system
(i.e., φho = 0) the G phase is stable. The immediate feature to
notice is that the P phase starts being stable for values of R<
0.7596, where a triple-point between the DD, P, andHoR phases
is located. Another remarkable feature, is that the shape of the
high-φho region of the phase diagram shown in Figure 4, is the
same as the one observed in the high-φho region of Figure 1
(except that it is displayed upside down), indicating that the effect
of increasing the value of f (at fixed R) is analogous to that of
decreasingR (at fixed f). The physical basis for this analogy is that
either of these two actions reduces the tendency of the Ho to
separate out as a HoR phase, thus allowing the DD and P phases
to be stable as single phases. Though this phase behavior would
seem to suggest that the relevant quantity for determining
morphology stability is the ratio γ; such a relevance is only
qualitative. Indeed, in Figure 1 f is varied in the narrow range
0.31 e f e 0.342, a ∼10% change in γ, while in Figure 4 the Ho
size needs to be varied over amuchwider range 0.66eRe 0.90, a
∼ 35% change in γ, in order to observe similar mesophases. This
weaker dependence of the phase behavior upon R can prove
beneficial, since it would provide amuchmore practical means to
experimentally control phase transitions between distinct mor-
phologies.

Interestingly, as one decreases the value of R the system goes
through a series of triple points between the mesophases and the
HoR phase. At R = 0.8448 there is a C-DD-HoR triple point
which marks the beginning of the region of stability of the DD
phase; then at R= 0.7596 a DD-P-HoR triple point occurs that
signals the start of the Pphase region. Therefore, it is possible that
at even lower values ofR, new triple points exist that will start the
regions of stability of other bicontinuous phases like the C(P) or
the I-WP phases, in a similar sequence as that observed in some
related surfactant systems.11,12 These phases, however, would
have unit cells much larger than our current computational
capabilities can handle and are outside the scope of the present
work.

In order to emphasize the importance of the effect of R in
stabilizing a given bicontinuousmorphology we show in Figure 5
a plot of the difference inHelmholtz free energy (βΔF) of the DD
and P phases with respect to the G phase, as a function of R. In
Figure 5a (φho=0.30) the G phase has the lowest free energy for
low values ofR, but as the value ofR increases, theDDphase and
then the P phase are seen to have the lowest free energy. Never-
theless, the P phase is never fully stable at these conditions, since
the system first undergoes macrophase separation in DBC-rich
and HoR phases (dashed line). In Figure 5b (φho=0.38) a direct
transition from the G phase to the P phase is observed with

Figure 3. SCFT phase diagram (f versus φstar-ho) of a model DBC/
star-Ho blend at χN= 25. The star-Ho has four arms of lengthRarm=
0.20 each.

Figure 4. DBC/Hophase diagram in which theHo length (R) is plotted
as a function of φho at χN = 25 and f = 0.33.
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increasing values of R. Again the dashed line represents the point
where the system undergoes macrophase separation.

In Figure 6, we analyze the A-block and homopolymer’s
volume fraction (φ) profile in the (111) direction (i.e., the diagonal
of the unit cell) as a function of the distance (r) from the center of
the P phase’ node (r is normalized by the length of the unit cell
edge). The total homopolymer volume fraction is φho=0.30 and
we compare the two linear homopolymer lengths in the extremes
of the range studied in the present work (i.e., R = 0.9 and R =
0.6.). Although the P phase is metastable at these conditions, this
comparison is meant to probe the effect of R on homopolymer
spatial distribution inside nodes of the same morphology. In
Figure 6a, we show the homopolymer’s and A-block’s volume
fractions as functions of r. The solid vertical line indicates the

location of the A-B interface (i.e., where φA=φB = 0.5). As
expected for this range of homopolymer lengths (i.e., γ> 1), the
homopolymer is essentially pure in a significant region at center
of the node while its concentration decreases rapidly as the
interface is approached. Conversely, theA-block volume fraction
reaches a maximum in the proximity of the interface, thus
showing that the A-block and homopolymer chains are spatially
segregated with little mixing between them. These observations
are consistent with the hypothesized mechanism of packing
frustration relief and with previous results reported using
PBS.23 While Figure 6a shows that the concentration profiles
are essentially the same forR=0.9 andR=0.6, their differences
are amplified in Figure 6b by plotting the ratio of the volume
fractions between the R=0.6 case and the R=0.9 case. That is,
we plot the Ho ratio φho|R = 0.6/φho|R = 0.9 and the A-block ratio
φA-block|R = 0.6/φA-block|R = 0.9 as a function of r. Figure 6b shows
that the Ho ratio is essentially unity in the node interior (r ∼ 0),
begins to increase in the proximity of the interface, and becomes
significantly larger than one after crossing the interface. This
indicates that the shorter homopolymer chains (i.e., R = 0.6)
have a greater tendency to penetrate toward the interfacial region
than the longer ones, as expected frommixing-entropy considera-
tions. TheA-block ratio is unity close to the interface and increases
as the node center is approached; this shows that the A-blocks of
theR=0.6 case have a slightly larger tendency to reach toward the
node center and to mix with the Ho chains than the A-blocks of
theR=0.9 case.While these differences are very small in terms of
absolute concentration values, they reflect underlying free-energy
differences that can be of crucial importance for the stability of a
particular phase, as can be seen in the pronounced effect that
changes in R can have in the predicted DBC/homopolymer phase
diagram (cf., Figures 4 and 5).

Conclusions

We have used SCFT to study the effect that different system
parameters have in the stabilization of the DD and P phases in
DBC/Ho blends. In particular, we studied the effect of variations
in: the A-block size (f), the A-B asymmetry, the Ho architecture
and the Ho length (R). The DD and P phases were both found to
be stable in finite regions of the calculated phase diagrams. To the
best of our knowledge, this is the first time that the P phase has
been predicted to be stable using SCFT. Interestingly, in the
f versus φho, diagrams, the basic features of the phase behavior
were found to be largely insensitive to variations of conforma-
tional asymmetry (PI-b-PS case) and architecture (star-Ho case),
suggesting that this kind of phase behavior is essentially inde-
pendent of the specific features of the particular DBC system
studied. Additionally, the resemblance of the high-φho phase
behavior observed when decreasing the Ho length (R) to the
case when increasing the A-block length (f) suggests that as long
as the value of f is close to the C-G transition in the pure melt,
one can find a suitable value of R that will allow stabilization of
the DD and P phases. It is thus argued that variation of the Ho
size provides a convenient means to control the stability of
complex morphologies in DBC/Ho blends. We hope that the
current work will serve as a guide to experimental efforts devoted
to obtaining bicontinuous phases in this type of amphiphilic
systems.
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Figure 5. Difference in Helmholtz free energy (βΔF) between distinct
phases and the G phase as a function of R for the DBC/Ho system at
χN = 25 and f = 0.33. The dashed line indicates the point at which
macrophase separation occurs. (a) The homopolymer concentration is
φho = 0.30. (b) The homopolymer concentration is φho = 0.38.

Figure 6. Volume fraction profiles of theA-blocks and theHochains as
a function of the distance from the center of the P phase node in the 111
direction, for two different cases (i.e., R = 0.6 and R = 0.9). (a) The
absolute values of the volume fractions are plotted. The center of the
node is essentially pure homopolymer. (b) The ratio of the volume
fractions between the R= 0.6 case and the R= 0.9 case are shown. In
the system with shorter Ho-chains there is more mixing between
homopolymers and A-blocks.
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